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ABSTRACT
Compressible disturbances propagate in a plasma in the form of magnetoacoustic waves driven by
both gas pressure and magnetic forces. In partially ionized plasmas the dynamics of ionized and
neutral species are coupled due to ion-neutral collisions. As a consequence, magnetoacoustic waves
propagating through a partially ionized medium are affected by the ion-neutral coupling. The degree
to which the behavior of the classic waves is modified depends on the physical properties of the various
species and on the relative value of the wave frequency compared to the ion-neutral collision frequency.
Here, we perform a comprehensive theoretical investigation of magnetoacoustic wave propagation in
a partially ionized plasma using the two-fluid formalism. We consider an extensive range of values
for the collision frequency, ionization ratio, and plasma β, so that the results are applicable to a wide
variety of astrophysical plasmas. We determine the modification of the wave frequencies and study the
frictional damping due to ion-neutral collisions. Approximate analytic expressions to the frequencies
are given in the limit case of strongly coupled ions and neutrals, while numerically obtained dispersion
diagrams are provided for arbitrary collision frequencies. In addition, we discuss the presence of cutoffs
in the dispersion diagrams that constrain wave propagation for certain combinations of parameters.
A specific application to propagation of compressible waves in the solar chromosphere is given.
Subject headings: magnetic fields – magnetohydrodynamics (MHD) – plasmas – Sun: atmosphere –
Sun: oscillations – waves
1. INTRODUCTION
The theoretical study of magnetohydrodynamic
(MHD) waves in partially ionized plasmas has re-
ceived increasing attention in the recent years. En-
ergy dissipation due to ion-neutral collisions may be
important in many astrophysical plasmas, e.g., in
the low solar atmosphere, because of its connec-
tion to plasma heating (e.g., Khomenko & Collados
2012; Mart´ınez-Sykora et al. 2012; Russell & Fletcher
2013). Some recent examples of theoretical works
that focused on the investigation of MHD waves in
partially ionized plasmas are, e.g., Pe´cseli & Engvold
(2000); De Pontieu et al. (2001); Kumar & Roberts
(2003); Khodachenko et al. (2004, 2006); Leake et al.
(2005); Zaqarashvili et al. (2011, 2013); Soler et al.
(2012) among many others.
In the present paper, we continue the research started
in Soler et al. (2013a), hereafter Paper I, about wave
propagation in a partially ionized two-fluid plasma. The
two-fluid formalism used here assumes that ions and elec-
trons form together an ion-electron fluid, while neutrals
form a separate fluid. The ion-electron fluid and the neu-
tral fluid interact by means of ion-neutral collisions. Pa-
per I was devoted to the study of Alfve´n waves. Here
we tackle the investigation of magnetoacoustic waves.
The dynamics of magnetoacoustic waves is more involved
than that of Alfve´n waves even in the case of a fully ion-
ized plasma. The reason is that Alfve´n waves are incom-
pressible and are only driven by the magnetic tension
force. On the contrary, magnetoacoustic waves produce
compression of the plasma and are driven by both mag-
netic and gas pressure forces (see, e.g., Goossens 2003).
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As a consequence, the behavior of magnetoacoustic waves
is determined by the relative values of the sound and
Alfve´n velocities in the plasma. When the medium is
partially ionized, the situation is even more complex be-
cause, on the one hand, magnetoacoustic waves also pro-
duce compression in the neutral fluid due to collisions
with ions and, on the other hand, the neutral fluid is
able to support its own acoustic waves that may cou-
ple with the plasma magnetoacoustic waves. Thus, the
study of propagation of magnetoacoustic disturbances in
a partially ionized medium is interesting from the phys-
ical point of view and challenging from the theoretical
point of view.
This work can be related to the previous papers by
Zaqarashvili et al. (2011) and Mouschovias et al. (2011).
Zaqarashvili et al. (2011) derived the dispersion relation
for magnetoacoustic waves in a partially ionized two-
fluid plasma. They focused their study on the derivation
of the two-fluid equations from the more general three-
fluid equations and in comparing the two-fluid results
with those in the single-fluid approximation. They con-
cluded that the single-fluid approximation breaks down
when the value of the ion-neutral collision frequency is on
the same order of magnitude or lower than the wave fre-
quency. Here we proceed as in Zaqarashvili et al. (2011)
and use the more general two-fluid theory instead of the
single-fluid approximation. Mouschovias et al. (2011)
also considered the two-fluid theory and performed a very
detailed investigation of wave propagation and instabili-
ties in interstellar molecular clouds.
To realistically represent the plasma in molecular
clouds, Mouschovias et al. (2011) included in addition
to ion-neutral collisions other effects as, e.g., ionization
and recombination and self-gravity. The main purpose
2of the present work is to obtain physical insight on the
effect of ion-neutral collisions on waves without taking
into account other effects that could hinder the specific
role of collisions. For this reason, our approach is closer
to Zaqarashvili et al. (2011) than to Mouschovias et al.
(2011). As stated before, Zaqarashvili et al. (2011) put
their emphasis in the derivation of the equations and
the dispersion relation. As examples, Zaqarashvili et al.
(2011) computed some solutions, but they restricted
themselves to a specific set of parameters and did not
perform an in-depth parameter study. We follow the
spirit of Paper I and do not focus on a specific astro-
physical plasma. Instead, we take the relevant physical
quantities as, e.g., the collision frequency, the ionization
fraction, the Alfve´n and sound velocities, etc., as free pa-
rameters whose values can be conveniently chosen. An
inconvenience of the present approach is that the space
of parameters to be explored is very big. The advan-
tage is that this approach makes possible to apply the
results of this work to a wide variety of situations. Com-
pared to Zaqarashvili et al. (2011), we cover a wider pa-
rameter range. In particular, we consider lower ioniza-
tion levels and weaker magnetic fields than those used by
Zaqarashvili et al. (2011). The output of this investiga-
tion will be also useful to understand the recent results
by Soler et al. (2013b) concerning the behavior of slow
waves propagating along a partially ionized magnetic flux
tube.
This paper is organized as follows. Section 2 contains
the description of the equilibrium state and the basic
equations. In Section 3 we explore the limit cases of
uncoupled fluids and strongly coupled fluids and derive
approximate expressions to the wave frequencies in those
cases. Later, we investigate the general case in Section 4
by plotting dispersion diagrams when the collision fre-
quency is varied between the uncoupled and strongly
coupled regimes. We perform a specific application to
magnetoacoustic waves propagating in the low solar at-
mosphere in Section 5. Finally, Section 6 contains some
concluding remarks.
2. EQUILIBRIUM AND BASIC EQUATIONS
The equilibrium configuration considered here is a uni-
form and unbounded partially ionized hydrogen plasma
composed of ions, electrons, and neutrals. As in Pa-
per I, the plasma dynamics is studied using the two-fluid
formalism (see also, e.g., Zaqarashvili et al. 2011). Ions
and electrons are considered together as forming a single
fluid, while neutrals are treated as a separate fluid. The
ion-electron fluid and the neutral fluid interact by means
of particle collisions, which transfer momentum between
the species. It is implicitly assumed in the present ver-
sion of the two-fluid theory that ion-electron and ion-ion
collisions occur always more frequently than ion-neutral
collisions, so that ions and electrons display fluid behav-
ior regardless of the presence of neutrals.
The medium is permeated by a straight and constant
magnetic field, B. We use Cartesian coordinates and
conveniently choose the reference frame so that the equi-
librium magnetic field is orientated along the z-direction,
namely B = Bzˆ, with B constant. We ignore the effect
of gravity. The omission of gravity is approximately valid
as long as we consider wavelengths much shorter than the
gravitational stratification scale height. We also assume
that there are no flows in the equilibrium. We study lin-
ear adiabatic perturbations superimposed on the equilib-
rium state. The equations governing the behavior of the
perturbations are the same as in Paper I, namely
ρi
∂vi
∂t
=−∇pi + 1
µ
(∇× b)×B− αin (vi − vn) , (1)
ρn
∂vn
∂t
=−∇pn − αin (vn − vi) , (2)
∂b
∂t
=∇× (vi ×B) , (3)
∂pi
∂t
=−γPi∇ · vi, (4)
∂pn
∂t
=−γPn∇ · vn, (5)
where vi, pi, Pi, and ρi are the velocity perturbation,
gas pressure perturbation, equilibrium gas pressure, and
equilibrium density of the ion-electron fluid, vn, pn, Pn,
and ρn are the respective quantities for the neutral fluid,
b is the magnetic field perturbation, µ is the magnetic
permeability, γ is the adiabatic index, and αin is the ion-
neutral friction coefficient.
The friction coefficient, αin, plays a very important
role. It determines the strength of the ion-neutral fric-
tion force and, therefore, the importance of ion-neutral
coupling. Braginskii (1965) gives the expression of αin
in a hydrogen plasma. As in Paper I, we take αin as a
free parameter and do not use a specific expression of
αin. We do so to conveniently control the strength of the
ion-neutral friction force. Our aim is to keep the investi-
gation as general as possible for the results of the present
article to be applicable in a wide range of astrophysical
situations. Instead of using αin, in the remaining of this
article we write the equations using the ion-neutral, νin,
and neutral-ion, νni collision frequencies, which have a
more obvious physical meaning. They are defined as
νin =
αin
ρi
, νni =
αin
ρn
. (6)
Hence, both frequencies are related by ρiνin = ρnνni.
2.1. Normal mode analysis
Here we perform a normal mode analysis. The tempo-
ral dependence of the perturbations is put proportional
to exp (−iωt), where ω is the angular frequency. In addi-
tion, we perform a Fourier analysis of the perturbations
in space. The spatial dependence of perturbations is put
proportional to exp (ikxx+ ikyy + ikzz), where kx, ky,
and kz are the components of the wavevector in the x-,
y-, and z-directions, respectively.
Alfve´n waves and magnetoacoustic waves are two dis-
tinct classes of MHD waves in a uniform plasma (see, e.g.,
Cramer 2001; Goossens 2003). Alfve´n waves are incom-
pressible and propagate vorticity perturbations. Magne-
toacoustic waves are compressible and do not produce
vorticity perturbations. Alfve´n waves were investigated
in Paper I. Here we focus on magnetoacoustic waves.
Compressibility is an appropriate quantity to describe
magnetoacoustic waves (see, e.g., Lighthill 1960). By
working with compressibility perturbations we are able
to decouple magnetoacoustic waves from Alfve´n waves
without imposing any restriction on the direction of the
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wavevector. We define ∆i and ∆n as the compressibility
perturbations of the ion-electron fluid and the neutral
fluid, respectively,
∆i≡∇ · vi = ikxvx,i + ikyvy,i + ikzvz,i, (7)
∆n≡∇ · vn = ikxvx,n + ikyvy,n + ikzvz,n (8)
We combine Equations (1)–(5) and after some algebraic
manipulations we obtain the two following coupled equa-
tions involving ∆i and ∆n only, namely(
ω4 − ω2k2 (c2i + c2A)+ k2k2zc2Ac2i )∆i =
−iνinω3 (∆i −∆n)
+
iνin
ω + i (νni + νin)
k2k2zc
2
A
(
c2i∆i − c2n∆n
)
, (9)(
ω2 − k2c2n
)
∆n = −iνniω (∆n −∆i) , (10)
where k2 = k2x+k
2
y+k
2
z and cA, ci, and cn are the Alfve´n
velocity, the ion-electron sound velocity, and the neutral
sound velocity defined as
c2A =
B2
µρi
, c2i =
γPi
ρi
, c2n =
γPn
ρn
. (11)
Note that the Alfve´n velocity is here defined using the
density of the ionized fluid only. Equations (9) and (10)
are the governing equations for linear compressibility
perturbations. Therefore, they govern the behavior of
magnetoacoustic waves.
The magnetoacoustic character of the waves is deter-
mined by the relative values of the Alfve´n and sound
velocities. In this work we use the following definition of
the ion-electron βi,
βi =
c2i
c2A
=
γPi
B2/µ
. (12)
Thus, using the present definition of βi we can quan-
tify the relative importance of the Alfve´n velocity, cA,
and ion-electron sound velocity, ci. No restriction on
the value of the neutral sound velocity, cn, has been
imposed so far. However, to simplify matters and de-
crease the number of parameters involved, we proceed as
in Zaqarashvili et al. (2011) and Soler et al. (2013b) and
assume that there is a strong thermal coupling between
the ion-electron fluid and the neutral fluid. As a con-
sequence, the equilibrium temperature, T , is the same
for both fluids. We use the ideal gas law to relate the
equilibrium gas pressure, density, and temperature as
Pi = 2ρiRT, Pn = ρnRT, (13)
where R is the ideal gas constant. The factor 2 in the
expression for ion-electrons is present because the partial
pressures of both electrons and ions have to be summed
up. In a hydrogen plasma, the partial pressures of elec-
trons and ions are the same. From Equation (13), we
deduce that the requirement that all the species have the
same temperature results in imposing a relation between
the sound velocities as,
c2i = 2c
2
n. (14)
Hence, using Equations (12) and (14) we see that fixing
the value of βi is enough to establish the relation between
the Alfve´n velocity and the two sound velocities.
For the subsequent analysis, we decompose the
wavevector, k, in its components parallel and perpendic-
ular to the equilibrium magnetic field as k = kz zˆ+k⊥1⊥,
where k⊥ =
√
k2x + k
2
y and 1⊥ is the unity vector in the
perpendicular direction to B. We define θ as the an-
gle that forms the wavevector, k, with the equilibrium
magnetic field, B. Then, we can write kz = k cos θ and
k⊥ = k sin θ. For propagation perpendicular to the mag-
netic field, θ = pi/2, whereas for propagation parallel to
the magnetic field, θ = 0. Intermediate values of θ rep-
resent oblique propagation.
3. APPROXIMATIONS FOR LIMIT VALUES OF
THE COLLISION FREQUENCIES
Before tackling the general case for arbitrary values of
the collision frequencies, it is instructive to consider two
paradigmatic limit cases, namely the uncoupled case in
which the two fluids do not interact, and the strongly
coupled case in which the two fluids behave as a single
fluid.
3.1. Uncoupled case
Here, we remove the effect of ion-neutral collisions. We
represent this situation by setting νin = νni = 0. Equa-
tions (9) and (10) become(
ω4 − ω2k2 (c2i + c2A)+ k4c2Ac2i cos2 θ)∆i=0, (15)(
ω2 − k2c2n
)
∆n=0. (16)
Now, the equations governing compressibility perturba-
tions in the two fluids are decoupled. The waves in the
two fluids can be studied separately.
We start by considering waves in the ion-electron fluid.
For nonzero ∆i, the solutions to Equation (15) must sat-
isfy
ω4 − ω2k2 (c2i + c2A)+ k4c2Ac2i cos2 θ = 0. (17)
Equation (17) is the well-known dispersion relation of
magnetoacoustic waves in a fully ionized plasma (see,
e.g., Lighthill 1960). The solutions to Equation (17) are
ω2 = k2
c2A + c
2
i
2
± k2 c
2
A + c
2
i
2
[
1− 4c
2
Ac
2
i cos
2 θ
(c2A + c
2
i )
2
]1/2
,
(18)
where the + sign is for the fast wave and the − sign is for
the slow wave. The magnetoacoustic character of these
two distinct wave modes depends on the relative values
of cA and ci (see, e.g., Goossens 2003).
In the low-βi case, c
2
A ≫ c2i and the solutions simplify
to
ω2 ≈ k2 (c2A + c2i ) ≈ k2c2A, (19)
for the fast wave and
ω2 ≈ k2 c
2
Ac
2
i
c2A + c
2
i
cos2 θ ≈ k2c2i cos2 θ, (20)
for the slow wave. When c2A ≫ c2i the fast wave is a mag-
netic wave that propagates isotropically at the Alfve´n ve-
locity, cA, while the slow wave is essentially a sound wave
that is guided by the magnetic field and travels at the
4ion-electron sound velocity, ci. Conversely, in the high-βi
case c2i ≫ c2A and the solutions simplify to
ω2 ≈ k2 (c2A + c2i ) ≈ k2c2i , (21)
for the fast wave and
ω2 ≈ k2 c
2
Ac
2
i
c2A + c
2
i
cos2 θ ≈ k2c2A cos2 θ, (22)
for the slow wave. Now the fast wave behaves as an
isotropic sound wave, while the slow wave is a magnetic
wave guided by the magnetic field.
We turn to the waves in the neutral fluid. The solutions
to Equation (16) for nonzero ∆n are
ω2 = k2c2n. (23)
Equation (23) represent acoustic (or sound) waves in a
gas. These waves propagate isotropically at the neutral
sound velocity, cn, and are unaffected by the magnetic
field.
As expected, in the absence of ion-neutral collisions we
consistently recover the classic magnetoacoustic waves in
the ion-electron fluid and the classic acoustic waves in the
neutral fluid. Therefore, three distinct waves are present
in the uncoupled, collisionless case. These waves do not
interact and are undamped in the absence of collisions.
The waves would be damped if nonideal processes as, e.g.,
viscosity, resistivity, or thermal conduction, are taken
into account. In the remaining of this article, we use
the adjective ‘classic’ to refer to the waves found in the
uncoupled case.
3.2. Strongly coupled case
Conversely to the uncoupled case, the strongly coupled
limit represents the situation in which ion-electrons and
neutrals behave as a single fluid. To study this case, we
take the limits νin → ∞ and νni → ∞ in Equations (9)
and (10). We realize that, if ω 6= 0, it is necessary that
∆i = ∆n for the equations to remain finite. This is equiv-
alent to assume that the two fluids move as a whole.
Then, when νin → ∞ and νni → ∞, Equations (9) and
(10) reduce to a single equation, namely(
ω4 − ω2k2 c
2
A + c
2
i + χc
2
n
1 + χ
+ k4
c2A
(
c2i + χc
2
n
)
(1 + χ)
2 cos
2 θ
)
∆i,n = 0, (24)
where we use ∆i,n to represent either ∆i or ∆n and the
ionization fraction of the plasma, χ, is defined as
χ =
ρn
ρi
. (25)
For nonzero ∆i,n, the solutions to Equation (24) must
satisfy
ω4 − ω2k2 c
2
A + c
2
i + χc
2
n
1 + χ
+ k4
c2A
(
c2i + χc
2
n
)
(1 + χ)
2 cos
2 θ = 0.
(26)
This is the wave dispersion relation in the strongly cou-
pled case. Its solutions are
ω2=k2
c2A + c
2
i + χc
2
n
2(1 + χ)
±k2 c
2
A + c
2
i + χc
2
n
2(1 + χ)
[
1− 4c
2
A(c
2
i + χc
2
n) cos
2 θ
(c2A + c
2
i + χc
2
n)
2
]1/2
,(27)
where the + sign is for the modified fast wave and the −
sign is for the modified slow wave. We use the adjective
‘modified’ to stress that these waves are the counterparts
of the classic fast and slow modes but modified by the
presence of the neutral fluid.
The first important difference between the uncoupled
and strongly coupled cases is in the number of solutions.
In the uncoupled case there are three distinct waves,
namely the classic slow and fast magnetoacoustic waves
and the neutral acoustic wave, but in the strongly cou-
pled limit we only find the modified version of the slow
and fast magnetoacoustic modes. The modified counter-
part of the classic neutral acoustic mode is apparently
absent. The question then arises, what happened to
the neutral acoustic mode? To answer this question, we
study in the following paragraphs the character of the
modified fast and slow modes depending on the relative
values of the Alfve´n and sound velocities.
A remark should be made before tackling the approx-
imate study of the solutions in Equation (27). We recall
that the neutral and ion-electron sound velocities are re-
lated by c2i = 2c
2
n. This condition means that c
2
i and
c2n are of the same order of magnitude. However, this is
not the end of the story. We notice that the value of the
ionization fraction, χ, also plays a role in determining
the solutions to Equation (27). Specifically, χ appears
multiplying c2n, which means that χ can increase or de-
crease the effective value of the neutral sound velocity.
Thus, we need to compare χc2n with c
2
A and c
2
i in order
to determine the nature of the solutions.
The approximate study of the solutions given in Equa-
tion (27) is done considering eight typical cases:
1. Case c2A ≫ c2i ≫ χc2n. This case corresponds to an
almost fully ionized (χ ≪ 1) low-βi plasma. The
solutions given in Equation (27) simplify to
ω2 ≈ k2c2A, (28)
for the modified fast wave and
ω2 ≈ k2c2i cos2 θ, (29)
for the modified slow wave. We recover the fast and
slow waves of the uncoupled case (Equations (19)
and (20)). No trace of the neutral acoustic mode
remains in this limit because the amount of neu-
trals is negligible.
2. Case c2A ≫ c2i ∼ χc2n. This case corresponds to
a low-βi plasma with χ ∼ 1. The solutions are
approximated as
ω2 ≈ k2 c
2
A
1 + χ
, (30)
for the modified fast wave and
ω2 ≈ k2 c
2
i + χc
2
n
1 + χ
cos2 θ, (31)
for the modified slow wave. By comparing Equa-
tions (19) and (30), we see that the square of
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the fast mode frequency is reduced by the factor
(χ+ 1)
−1
compared to the value in the uncoupled
case. As a consequence, the effective Alfve´n ve-
locity in the strongly coupled limit is cA/
√
1 + χ.
This is equivalent to replace the ion density, ρi, by
the sum of the ion and neutral densities, ρi+ρn, in
the definition of the Alfve´n velocity. The same re-
sult was obtained by Kumar & Roberts (2003) and
Soler et al. (2013b) for fast magnetoacoustic waves
in the case c2n = 0. This is also the same result ob-
tained in Paper I and Soler et al. (2012) for Alfve´n
waves. On the other hand, the modification of the
slow mode frequency is more complicated (compare
Equations (20) and (31)). The expression of the
slow mode frequency involves both ci and cn. Con-
sequently, an effective sound velocity, ceff , can be
defined as
c2eff =
c2i + χc
2
n
1 + χ
=
ρic
2
i + ρnc
2
n
ρi + ρn
. (32)
The effective sound velocity is the weighted aver-
age of the sound velocities of ion-electrons and neu-
trals, and was first obtained by Soler et al. (2013b)
for slow magnetoacoustic waves propagating along
magnetic flux tubes. The fact that the expression
of the effective sound velocity (Equation (32)) in-
volves both neutral and ion-electron sound veloc-
ities suggests that, in this case, the modified slow
mode is the descendant of both the classic slow
mode and the neutral acoustic mode.
3. Case c2A ≫ χc2n ≫ c2i . This case corresponds to
a weakly ionized (χ ≫ 1) low-βi plasma, but the
magnetic field is strong enough for c2A to be much
larger than χc2n. The solutions given in Equa-
tion (27) become
ω2 ≈ k2 c
2
A
χ
, (33)
for the modified fast wave and
ω2 ≈ k2c2n cos2 θ, (34)
for the modified slow wave. The effective Alfve´n
velocity is now cA/
√
χ. This is equivalent to re-
place the ion density, ρi, by the neutral density,
ρn, in the definition of the Alfve´n velocity. On the
other hand, the slow wave is the descendant of the
neutral acoustic wave that becomes guided by the
magnetic field. Therefore, the frequencies of both
fast and slow waves are determined by the den-
sity of the neutral fluid alone, which is indirectly
affected by the magnetic field.
4. Case χc2n ≫ c2A ≫ c2i . In this case we consider a
very weakly ionized (χ → ∞) low-βi plasma. The
approximate frequencies turn to be
ω2 ≈ k2c2n, (35)
for the modified fast wave and
ω2 ≈ k2 c
2
A
χ
cos2 θ, (36)
for the modified slow wave. The modified fast wave
can straightforwardly be related to the isotropic
acoustic mode of the neutral fluid (Equation (23)),
while the modified slow wave is a guided magnetic
wave with the effective Alfve´n velocity depending
on the neutral density alone. As in case (3), neither
the ion-electron sound velocity nor the ion density
play a role. The fact that the plasma is weakly ion-
ized changes completely the physical nature of the
solutions compared to the classic magnetoacoustic
waves in a low-βi fully ionized plasma.
5. Case c2i ≫ c2A ≫ χc2n. This corresponds to an
almost fully ionized (χ ≪ 1) high-βi plasma. The
solutions given in Equation (27) simplify to
ω2 ≈ k2c2i , (37)
for the modified fast wave and
ω2 ≈ k2c2A cos2 θ, (38)
for the modified slow wave. We recover Equa-
tions (21) and (22) obtained in the high-βi colli-
sionless case. No trace of the neutral acoustic mode
remains in this limit.
6. Case c2i ≫ χc2n ≫ c2A. This corresponds again to an
almost fully ionized (χ ≪ 1) high-βi plasma, but
now the magnetic field is so weak that χc2n ≫ c2A.
The solutions given in Equation (27) simplify to
ω2 ≈ k2c2i , (39)
for the modified fast wave and
ω2 ≈ k2c2A cos2 θ, (40)
for the modified slow wave. As in the previous case
(5), we revert to Equations (21) and (22) obtained
in the uncoupled case. Cases (5) and (6) point
out that the relative values of c2A and χc
2
n are not
important as long as c2i remains much larger than
both of them. The same approximations to the
frequencies are found in cases (5) and (6). The
properties of the neutral fluid are not important in
both cases (5) and (6).
7. Case χc2n ∼ c2i ≫ c2A. This is a high-βi plasma
with χ ∼ 1. The solutions given in Equation (27)
simplify to
ω2 ≈ k2 c
2
i + χc
2
n
1 + χ
= k2c2eff , (41)
for the modified fast wave and
ω2 ≈ k2 c
2
A
1 + χ
cos2 θ, (42)
for the modified slow wave. Equations (41) and
(42) are the modified version of Equations (21) and
(22) obtained in the high-βi uncoupled case, where
ceff replaces ci and cA/
√
1 + χ replaces cA. Here
we find that the modified fast mode is the descen-
dant of both the classic fast mode and the neutral
acoustic mode, while the modified slow mode is a
guided magnetic wave whose frequency depends on
both ion and neutral densities.
68. Case χc2n ≫ c2i ≫ c2A. This corresponds to a weakly
ionized (χ ≫ 1) high-βi plasma. The solutions
given in Equation (27) simplify to
ω2 ≈ k2c2n, (43)
for the modified fast wave and
ω2 ≈ k2 c
2
A
χ
cos2 θ, (44)
for the modified slow wave. The approximation
found here are the same as in case (4). The prop-
erties of the neutral fluid completely determine the
behavior of the waves. Neutrals feel the magnetic
field indirectly through the collisions with ions.
The results of the above approximate study are sum-
marized in Table 1. Based on this study, we can now an-
swer the previous question about the apparent absence of
the neutral acoustic mode in a strongly coupled plasma.
We conclude that the classic neutral acoustic mode and
the classic ion-electron magnetoacoustic modes heavily
interact when ion-neutral collisions are at work. The two
resulting modes in the strongly coupled regime (modi-
fied fast mode and modified slow mode) have, in general,
mixed properties and are affected by the physical condi-
tions in the two fluids. The degree to which the proper-
ties of the classic waves are present in the resulting waves
depends on the relative values of the Alfve´n and sound
velocities and on the ionization fraction of the plasma.
In addition, the wave frequencies in the strongly cou-
pled limit are real as in the uncoupled case. This means
that the waves are undamped in the limit of high collision
frequencies as well. The damping of magnetoacoustic
waves due to ion-neutral collisions takes place for inter-
mediate collision frequencies. As stated before, the waves
would be damped if additional damping mechanisms are
considered, but this falls beyond the aim of the present
article. Both the ion-neutral damping and the coupling
between modes are investigated in Section 4 by study-
ing the modification of the wave frequencies when a pro-
gressive variation of the collision frequencies between the
uncoupled limit and strongly coupled limit is considered.
4. NUMERICAL STUDY FOR ARBITRARY
COLLISION FREQUENCIES
From here on, we consider arbitrary values of νin and
νni. With no approximation, we combine the coupled
Equations (9) and (10) to obtain separate equations for
∆i and ∆n as
D (ω)∆i=0, (45)
iνniω
D (ω)
Dn (ω)
∆n=0. (46)
with
D (ω) = Di (ω)Dn (ω) +D2c (ω) , (47)
where Di (ω), Dn (ω), and D
2
c (ω) are defined as
Di (ω)=ω
3 (ω + iνin)− ω2k2
(
c2A + c
2
i
)
+
ω + iνni
ω + i(νin + νni)
k4c2Ac
2
i cos
2 θ, (48)
Dn (ω)=ω (ω + iνni)− k2c2n, (49)
D2c (ω)=
ωνinνni
ω + i(νin + νni)
[
ω3 (ω + i(νin + νni))
−k4c2Ac2n cos2 θ
]
. (50)
The waves in the ion-electron fluid and in the neutral
fluid are described by the same dispersion relation. The
dispersion relation is
D (ω) = 0, (51)
and is equivalent to the dispersion relation given by
Zaqarashvili et al. (2011) in their Equation (57), al-
though here we use a different notation. Expressed in
polynomial form, the dispersion relation is a 7th-order
polynomial in ω, so that there are seven solutions (see
Zaqarashvili et al. 2011). The frequencies are complex,
namely ω = ωR + iωI, where ωR and ωI are the real and
imaginary parts. The imaginary part of the frequency is
negative and accounts for the exponential damping rate
of the perturbations due to ion-neutral collisions.
Before exploring the solutions to the dispersion rela-
tion, it is necessary to make a comment on the nature
of the solutions. We distinguish between two different
kind of solutions depending of whether ωR is zero or
nonzero. (1) The first kind of solutions are those with
ωR = 0, i.e., solutions that represent purely decaying
disturbances. These solutions are not waves in the strict
sense because they do not propagate. The solutions with
ωR = 0 were called ‘vortex modes’ by Zaqarashvili et al.
(2011) but, in our view, the name ‘vortex modes’ does
not reflect the true nature of these solutions. The reason
is that vortex modes in a partially ionized plasma are
intrinsically related to Alfve´n waves (see Paper I), not
to magnetoacoustic waves. Magnetoacoustic modes do
not produce vorticity perturbations (see, e.g., Goossens
2003), hence the purely imaginary solutions of the mag-
netoacoustic dispersion relation cannot represent fluid
vorticity. Instead, we propose to physically interpret
the solutions with ωR = 0 as ‘entropy modes’ (see,
e.g., Goedbloed & Poedts 2004; Murawski et al. 2011).
Entropy modes represent perturbations of density and,
therefore, compression of the plasma. Compression is an
intrinsic property of magnetoacoustic modes. Entropy
modes have zero frequency in the absence of collisions.
Due to ion-neutral collisions, perturbations in density
are damped and the entropy mode frequency acquires an
imaginary part, while its real part remains zero. (2) The
second kind of solutions are those with ωR 6= 0. These so-
lutions represent propagating waves and appear in pairs,
namely ω1 = ωR + iωI and ω2 = −ωR + iωI. Both ω1
and ω2 represent the same magnetoacoustic wave, but
the real parts of their frequencies have opposite signs
(see Carbonell et al. 2004). The different signs of the
real parts account for forward (ωR > 0) and backward
(ωR < 0) propagation with respect to the direction of the
wavevector, k. Since the equilibrium is static, the two
directions of propagation are physically equivalent. As
shown later, the number of entropy modes and propa-
gating waves is not constant. Depending on the physical
parameters considered, there can be conversion between
these two kind of solutions.
Unlike the limit cases studied in Section 3, no simple
analytic solutions of the dispersion relation can be ob-
tained when νin and νni are arbitrary. Instead, we solve
the dispersion relation numerically. The numerically ob-
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tained dispersion diagrams are plotted as functions of the
averaged collision frequency, ν¯, defined as
ν¯ =
ρiνin + ρnνni
ρi + ρn
=
2
ρi + ρn
αin. (52)
Because of the complex behavior displayed by the so-
lutions and the large number of parameters involved, we
organize the presentation of the results and their discus-
sion as follows. First, we investigate the specific situation
in which the wave propagation is strictly perpendicular
to the magnetic field direction. This paradigmatic case is
helpful to get physical insight of the behavior of the var-
ious solutions and to illustrate some general results that
repeatedly appear in this investigation. Slow modes are
absent from the discussion for perpendicular propagation
because they are unable to propagate across the magnetic
field. Subsequently, we study the other limit case, i.e.,
wave propagation parallel to the magnetic field, so that
slow modes are added to the discussion. Finally, the gen-
eral case of oblique propagation is taken into account.
4.1. Perpendicular propagation
We start by studying the case of perpendicular propa-
gation to the magnetic field. Hence we set θ = pi/2. The
dispersion relation (Equation (51)) reduces to a 5th-order
polynomial because the slow magnetoacoustic wave is ab-
sent. Conversely, the fast magnetoacoustic mode and the
neutral acoustic mode can propagate across the field and
so they remain when θ = pi/2.
We compute the real and imaginary parts of the fre-
quency of the various solutions of the dispersion relation
as functions of ν¯. Frequencies are expressed in units of
kci so that the results can be applied to the astrophysi-
cal plasma of interest by providing appropriate numeric
values of k and ci. The averaged collision frequency is
varied four orders of magnitude between ν¯/kci = 0.01
and ν¯/kci = 100. These two values are chosen to repre-
sent the uncoupled and strongly coupled limits, respec-
tively. Beyond these two values of ν¯/kci the behavior
of the solutions remains essentially unaltered. Figures 1
and 2 show the results for βi = 0.04 (low-βi case) and
βi = 25 (high-βi case), respectively. Three values of χ
are considered in each case, namely χ = 0.2, 2, and 20,
which cover the cases of largely ionized, moderately ion-
ized, and weakly ionized plasmas, respectively.
First, we analyze the real part of the frequency. The
comparison of the numerically obtained ωR with the ana-
lytic approximations of Section 3 helps us identifying the
various propagating waves in the limit values of ν¯. The
modes are labeled and plotted with different line styles
in Figures 1 and 2. When ν¯/kci = 0.01 we find the clas-
sic fast magnetoacoustic (solid black line) and neutral
acoustic (dashed blue line) modes, while for ν¯/kci = 100
only the modified fast wave is present as a propagating
solution, in agreement with Section 3. As expected, the
modes do not display the properties of the classic waves
when the averaged collision frequency takes intermedi-
ate values. To understand how the solutions change due
to the effect of collisions we continuously follow the var-
ious solutions when ν¯/kci increases from ν¯/kci = 0.01
to ν¯/kci = 100. We find that one of the two solutions
present at the low collision frequency limit has a cutoff
when ν¯/kci reaches a certain value. At the cutoff, the
forward (ωR > 0) and backward (ωR < 0) waves of this
specific solution merge and their ωR becomes zero. On
the contrary, the other solution does not have a cutoff
and eventually becomes the modified fast wave at the
high collision frequency limit.
The location of the cutoff is important because it de-
termines the number of distinct waves that are able to
propagate for a certain combination of parameters. The
effect of the various parameters on the location of the
cutoff can be studied as in Paper I by taking advantage
of the fact that the dispersion relation is a polynomial in
ω. So, we can compute the polynomial discriminant of
the dispersion relation. By definition, the discriminant is
zero when the dispersion relation has a multiple solution.
Since the cutoff takes place when a forward and a back-
ward propagating wave merge, the dispersion relation has
necessarily a double root at the cutoff. The discriminant
is a function of χ, ν¯/kci, and βi. Hence, the zeros of the
discriminant inform us about the relation between these
parameters at the cutoff. We omit here the expression
of the discriminant because it is rather cumbersome and
can be straightforwardly obtained from the dispersion
relation using standard algebraic methods. The num-
ber of propagating solutions for a given set of parame-
ters is represented in Figure 3 in the χ–ν¯/kci plane for
three different values of βi. The zero of the discriminant
is plotted with a line. Below this line two propagating
waves are possible, namely the classic fast and acoustic
modes, while above the line only the modified fast wave is
present as a propagating wave. Importantly, we find that
a third region, where propagating waves are not possible,
appears when βi ≪ 1 (see the shaded area in Figure 3
when βi = 10
−3). This forbidden region takes place for
large ionization ratio (weakly ionized plasmas), very low
βi (strong magnetic fields) and relatively high collision
frequency (strongly coupled plasmas). This could be the
case of the plasma in intense magnetic tubes of the low
solar atmosphere.
The physical reason for the existence of wave cutoffs is
qualitatively the same as discussed in Paper I for the case
of Alfve´n waves (see also, e.g., Kulsrud & Pearce 1969;
Pudritz 1990; Kamaya & Nishi 1998; Mouschovias et al.
2011). There is competition between the ion-neutral fric-
tion force and the wave restoring forces. Friction be-
comes the dominant force and overcomes the remaining
forces at the cutoff. Hence, waves are unable to propa-
gate when the strength of friction greatly exceeds those
of the restoring forces. The cutoff found here corresponds
to the situation in which ions and neutrals are sufficiently
coupled for the neutral fluid to be significantly affected
by the magnetic field. As a consequence, the neutral fluid
is not able to support its own pure acoustic modes, which
start to behave as slow-like magnetoacoustic waves. For
θ = pi/2 slow modes cannot propagate and so these solu-
tions are cut off.
We turn to the imaginary part of the frequency. For
presentation purposes, we plot the absolute value of ωI in
logarithmic scale. The line styles used in the graphics of
ωI are the same as in the plots of ωR so that the various
solutions can be easily identified. The inspection of ωI
in Figures 1 and 2 informs us of the existence of a third
purely imaginary mode (red dotted line). This mode
is the descendant of the undamped entropy mode, which
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damping rate of this nonpropagating mode monotoni-
cally increases with ν¯/kci. Regarding the propagating
waves, we see that the solution that has the cutoff in ωR
displays a bifurcation in ωI at the same location. Two
purely imaginary branches emerge at the bifurcation. We
identify these new branches as entropy modes. On the
one hand, the upper branch is heavily damped and fol-
lows the behavior of the original entropy mode plotted
with a red dotted line. On the other hand, the lower
branch is less damped and becomes an undamped en-
tropy mode when ν¯/kci →∞. Finally, the remaining so-
lution whose ωI does not have a bifurcation corresponds
to the propagating wave that becomes the modified fast
wave when ν¯/kci ≫ 1. The damping rate of this wave is
nonmonotonic. Its |ωI| is maximal, i.e., the damping is
most efficient, when ν¯ ≈ ωR. This is the same result as
for Alfve´n waves (see Paper I).
4.2. Parallel propagation
We move to the case of parallel propagation to the
magnetic field. We set θ = 0 and perform the same
computations as in the previous section. These results
are displayed in Figures 4 and 5, where we have consid-
ered the same parameters as before. As expected, the
slow magnetoacoustic wave is now present (dash-dotted
green line). As in the perpendicular propagation case,
we analyze Figures 4 and 5 by observing how the modes
present at the low collision frequency limit evolve as we
increase the collision frequency toward the high collision
frequency limit.
In the low-βi case (Figure 4), the slow magnetoacous-
tic wave and the neutral acoustic wave strongly interact.
There is a change of character between these two waves
depending on the value of χ. When χ ≪ 1 , i.e., largely
ionized plasma, the neutral acoustic mode has a cutoff
and the classic slow mode becomes the modified slow
mode in the limit of large ν¯/kci. On the contrary, the
situation is reversed when χ & 1, so that the solution that
is cut off is the classic slow mode while the neutral acous-
tic mode is the solution that becomes the modified slow
mode. These results are consistent with the approximate
study of Section 3.2. On the other hand, the behavior of
the fast magnetoacoustic wave in the low-βi case is very
similar to that of the Alfve´n waves studied in Paper I. It
is well-known that in a low-βi plasma fast waves behave
as Alfve´n waves for parallel propagation to the magnetic
field (see, e.g., Goossens 2003). As in the case of Alfve´n
waves, fast magnetoacoustic waves are nonpropagating
in an interval of ν¯/kci when χ > 8 (see extensive details
in Paper I for the case of Alfve´n waves). This nonprop-
agating interval can be seen in Figure 4 in the results
for χ = 20. In this interval the fast wave becomes a
purely imaginary solution. The boundaries of the non-
propagating interval can be obtained from Equation (20)
of Paper I. Using the present notation, the boundaries of
the nonpropagating interval are
ν¯
kci
=
2χ
β
1/2
i (χ+ 1)
[
χ2 + 20χ− 8
8 (χ+ 1)
3 ±
χ1/2 (χ− 8)3/2
8 (χ+ 1)
3
]1/2
,
(53)
where the − and + signs correspond to the left and right
boundaries of the nonpropagating range.
In the high-βi case (Figure 5), the slow magnetoacous-
tic wave displays little interaction with the other two
solutions. In this case, the behavior of the fast magne-
toacoustic wave and the neutral acoustic wave is similar
to that found when θ = pi/2, while the slow wave be-
haves as an Alfve´n wave (Paper I). Now, it is the slow
wave and not the fast wave that has a nonpropagating
interval of ν¯/kci. Equation (53) holds for the slow wave
in the high-βi case too. Since Equation (53) depends
upon β
−1/2
i , the nonpropagating interval is now shifted
towards smaller ν¯/kci than in the low-βi case (compare
the results for χ = 20 in Figure 4 and 5).
We study in more detail the presence of cutoffs and
nonpropagating intervals by using again the discriminant
of the dispersion relation. This is shown in Figure 6 for
βi = 0.04 and βi = 25. As in the case of perpendicular
propagation (see Figure 3) we find two zones in the χ–
ν¯/kci plane separated by a cutoff (black solid line). These
separate zones correspond to the region where the classic
slow, fast, and acoustic waves live and the region where
the modified slow and fast modes exist. In addition, we
find the presence of the nonpropagating interval previ-
ously discussed (area between the red lines). In the low-
βi case (Figure 6a) the nonpropagating interval is located
above the boundary between the two regions. Within
the nonpropagating interval, the modified slow wave is
the only propagating solution. On the contrary, in the
high-βi case (Figure 6b) the nonpropagating interval in-
tersects the boundary between the two regions. Hence
the number of possible scenarios increases, as schemati-
cally indicated in Figure 6b.
It is appropriate to compare our results with those plot-
ted in Figure 3 of Zaqarashvili et al. (2011) in order to
check whether the present work is consistent with that
previous study. In our notation, the parameters used
by Zaqarashvili et al. (2011) are χ = 1, βi = 0.25, and
θ = 0. These parameters are close to those used in Fig-
ure 4(c)–(d). To perform a proper comparison we should
use the same notation as Zaqarashvili et al. (2011). They
used two dimensionless quantities, w and a, that corre-
spond to the wave frequency and to the inverse of the
collision frequency, respectively. These two quantities
are expressed in our notation as
w=
√
βi (1 + χ)
cos θ
ω
kci
, (54)
a=
2 cos θ√
βi (1 + χ)
kci
ν¯
. (55)
We solve the dispersion relation using the above param-
eters and reproduce in Figure 7 the results shown in
Figure 3 of Zaqarashvili et al. (2011). A perfect agree-
ment between our results and those of Zaqarashvili et al.
(2011) is obtained. With the help of the discriminant
of the dispersion relation, we compute that the cutoff
of the neutral acoustic wave takes place at ν¯/kci ≈
0.84, which corresponds to a ≈ 3.4 in the notation of
Zaqarashvili et al. (2011). Since χ < 8, the fast mode
does not have a nonpropagating interval. Thus, our re-
sults confirm and fully agree with the specific example
studied by Zaqarashvili et al. (2011).
4.3. Oblique propagation
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Finally, here we consider the case in which the direction
of wave propagation is in between the limit cases studied
in the previous two Subsections. Hence, we use θ = pi/4.
The results are displayed in Figures 8 and 9. The behav-
ior of the various solutions is more complex than in the
previous limits and can be understood as a combination
of the results for perpendicular and parallel propagation.
Compared to the case with θ = 0, the acoustic and fast
modes display similar behavior, while the slow mode is
the solution whose behavior is most altered, specially in
the low-βi case (compare Figures 4 and 8). Both slow and
fast modes display nonpropagating intervals for oblique
propagation, whereas only the fast mode have a nonprop-
agating interval for parallel propagation. The fast mode
nonpropagating interval is also approximately described
by Equation (53), which points out that the location of
this interval does not depend on θ.
We proceed as before and show in Figure 10 the various
possible scenarios for wave propagation in the χ–ν¯/kci
plane of parameters. The high-βi case (Figure 10b) is
very similar to the equivalent result for θ = 0 (Figure 6b),
so that no additional comments are needed. However, in
the low-βi case, the presence of nonpropagating intervals
for both slow and fast modes and their intersections cause
the presence of six possible scenarios (Figure 10a). The
result represented in Figure 10a clearly points out the
high complexity of the interactions between the various
waves in a partially ionized plasma, which do not occur
in fully ionized plasmas (Mouschovias et al. 2011).
The existence of two nonpropagating intervals in the
low-βi case is consistent with the results by Soler et al.
(2013b) of slow waves propagating along a partially ion-
ized magnetic flux tube. Soler et al. (2013b) also found
the presence of two nonpropagating intervals, see their
Figure 5. Here we see that this double nonpropagating
interval is a result also present for magnetoacoustic waves
in a homogeneous, partially ionized medium. Thus, we
can now conclude that this result is not caused by the ge-
ometry of the waveguide, but it is an intrinsic property
of magnetoacoustic waves propagating obliquely to the
magnetic field in a partially ionized plasma. The slow
magnetoacoustic waves in a magnetic flux tube studied
by Soler et al. (2013b) behave as the waves studied here
for oblique propagation.
5. APPLICATION TO THE SOLAR
CHROMOSPHERE
Here we perform a specific application to magnetoa-
coustic waves propagating in the partially ionized solar
chromosphere. This application is motivated by the re-
cent observations of ubiquitous compressive waves in the
low solar atmosphere (Morton et al. 2011, 2012). To rep-
resent the chromospheric plasma we use the same sim-
plified model considered in Paper I. We use the quiet
sun model C of Vernazza et al. (1981), hereafter VALC
model, to account for the variation of physical parame-
ters with height from the photosphere to the base of the
corona. The expression of αin is taken after Braginskii
(1965), namely
αin =
1
2
ρiρn
mi
√
16kBT
pimi
σin, (56)
wheremi is the ion (proton) mass, kB is Boltzmann’s con-
stant, and σin is the collision cross section. Equation (56)
considers only hydrogen and ignores the influence of
heavier species. In Equation (56) it is implicitly as-
sumed that the ion and neutral masses are approximately
equal. For the collision cross section of protons with
neutral hydrogen atoms we consider the typical value of
σin ≈ 5 × 10−19 m2 (used in, e.g., Khodachenko et al.
2004; Leake et al. 2005; Arber et al. 2007; Soler et al.
2009; Khomenko & Collados 2012, among others). Here
we must note that, in the application done in Paper I
for the case of Alfve´n waves, we took σin ≈ 10−20 m2
based on the hard sphere collision model (see, e.g.,
Braginskii 1965; Zaqarashvili et al. 2013). In a recent
paper, Vranjes & Krstic (2013) claim that the realistic
value of σin in the solar chromosphere is about two or-
ders of magnitude higher than that estimated in the hard
sphere model. The value σin ≈ 5×10−19 m2 used here is
closer to the value proposed by Vranjes & Krstic (2013)
than to the hard sphere value.
We adopt the magnetic field strength model by
Leake & Arber (2006), which aims to represent the field
strength in a chromospheric vertical magnetic flux tube
expanding with height, namely
B = Bph
(
ρ
ρph
)0.3
, (57)
where ρ = ρi + ρn is the total density, and Bph and
ρph = 2.74×10−4 kg m−3 are the magnetic field strength
and the total density, respectively, at the photospheric
level. The variation of ρ with height is taken from the
VALC model. Accordingly, the magnetic field strength
decreases with height. Regarding the value of Bph, we
consider two possible scenarios: an active region and the
quiet Sun. For the active region case, we set Bph =
1.5 kG, so that B ≈ 100 G at 1,000 km and B ≈ 20 G
at 2,000 km above the photosphere. For the quiet Sun
case, we set Bph = 100 G, so that B ≈ 7 G at 1,000 km
and B ≈ 1 G at 2,000 km above the photosphere.
As explained in Paper I, the physical parameters in this
simplified model of the low solar atmosphere depend on
the vertical direction, while in the previous theoretical
analysis all the parameters are taken constant. Here we
perform a local analysis and use the dispersion relation
derived for a homogeneous plasma. We use the physical
parameters at a given height to locally solve the disper-
sion relation at that height. A limitation of the present
approach is that it ignores the possible presence of cutoff
frequencies due to gravitational stratification (see, e.g.,
Roberts 2006). The condition for this method to be ap-
proximately valid is that the wavelength, λ = 2pi/k, is
much shorter than the stratification scale height. This is
fulfilled by the wavelengths used in this analysis.
Figure 11 displays the variation with height above the
photosphere of the three physical quantities relevant for
the behavior of the waves: the ionization fraction, χ, the
ionized fluid βi, and the averaged ion-neutral collision
frequency, ν¯. Only βi is affected by the magnetic field
scenario considered. First of all, we see that χ ranges
several orders of magnitude from very weakly ionized
plasma at the low levels of the chromosphere to fully
ionized plasma when the transition region to the solar
corona is reached. Full ionization of hydrogen takes place
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at 2,100 km above the photospheric level, approximately.
The value of βi in the active region case is much smaller
than unity throughout the chromosphere, which informs
us that we are dealing with a low-βi situation. Con-
versely, in the quiet Sun case the value of βi ranges from
βi ≪ 1 at low levels to βi ≫ 1 at high levels in the chro-
mosphere. Moreover, ν¯ also ranges several orders of mag-
nitude, specially in the low chromosphere up to 700 km,
approximately. Then, ν¯ takes values in between 102 Hz
and 103 Hz until the full ionization level is reached.
The high values of ν¯ displayed in Figure 11(c) indi-
cate that only waves with short wavelengths, i.e., high
frequencies, would be affected by two-fluid effects. To
investigate this, we use the discriminant of the disper-
sion relation to determine the nature of the propagating
solutions as function of height for a given value of the
wavelength. This is shown in Figure 12 for three values
of θ, namely θ = 0, pi/4, and pi/2. In the active region
case, we see that two-fluid effects are important for prop-
agation of magnetoacoustic waves when λ . 1 km. For
longer wavelengths, ions and neutrals behave as a single
fluid and, consequently, the propagating waves are the
slow and fast waves modified due to the presence of neu-
trals (see Section 3.2). For short wavelengths, however,
there appear a number of nonpropagating intervals that
constrain the propagation of the various modes. Also,
due to the strong ion-neutral coupling, the presence of
neutral acoustic waves in the active region chromosphere
is only possible for very short wavelengths. In the case of
the quiet Sun, the nonpropagating intervals are shifted
towards values of λ about an order or magnitude shorter
than in the active region case. This result points out
that two-fluid effects are of less relevance in those re-
gions of the chromosphere where the magnetic field is
weak. For representation purposes, in Figure 12 we have
varied λ in between 10−7 km and 102 km, although we
must warn the reader that the fluid approximation for the
various species may not hold for wavelengths approach-
ing the lower boundary of this range. Therefore, the re-
sults shown in Figure 12 for wavelengths near the lower
limit should be taken with extreme caution. Also, the as-
sumption that gravitational effects are negligible breaks
down for very long wavelengths, although this probably
happens for wavelengths longer than those in Figure 12.
Next, we define the damping rate as δ = −ωI/ωR. This
quantity informs us about the efficiency of damping due
to ion-neutral collisions. Indirectly, δ is also an indi-
cator of the ability of ion-neutral collisions to heat the
plasma by dissipating magnetoacoustic waves. For the
active region case, Figure 13 shows the damping rate of
the modified slow and fast waves as function of height
for λ = 10 km and λ = 1 km. When λ = 10 km (Fig-
ure 13(a)-(b)), the waves are unaffected by two-fluid ef-
fects and do not have nonpropagating intervals. The only
effect of ion-neutral collisions is to produce the damping
of the waves. The fast wave damping rate is independent
of the propagation angle, θ, and is maximal at 1,900 km,
approximately. This suggests that the main contribution
of fast waves to plasma heating might take place at the
higher levels of the active region chromosphere. Con-
versely, the slow wave damping rate strongly depends on
θ. The damping of the slow wave is in general very weak.
We have to consider propagation almost perpendicular to
the magnetic field, i.e., θ → pi/2, to obtain a significant
slow wave damping. Two-fluid effects play a role when
the wavelength is decreased to λ = 1 km (Figure 13(c)-
(d)). Consistent with Figure 12, when λ = 1 km the
fast wave has a nonpropagating zone around 1,500 km
above the photosphere. Again, the results for the fast
wave are independent of θ. Near the location of the non-
propagating zone, the fast wave damping rate boosts dra-
matically since δ → ∞ in the nonpropagating interval.
Conversely, the slow wave only has nonpropagating re-
gions when propagation is nearly perpendicular to the
magnetic field. In this case, the slow wave has two non-
propagating intervals at two different heights (Soler et al.
2013b). These forbidden intervals for the nearly perpen-
dicular slow wave cover a significant part of the chromo-
sphere.
Figure 14 shows the same results as Figure 13 with
λ = 1 km but for the quiet Sun case. Now, the solutions
do not display nonpropagating intervals. As indicated
by Figure 12, in the quiet Sun case we need to consider
shorter wavelengths than in the active region case for
nonpropagating intervals to be present. In addition, Fig-
ure 14 shows that both fast and slow waves damping
rates depend upon the propagation angle. The reason
for this result is that in the quiet Sun case βi is higher
than in the active region case and, in fact, βi > 1 at the
upper levels. This causes the fast wave behavior to be
dependent on the propagation angle too.
In summary, in this application we conclude that mag-
netoacoustic waves propagating in regions of the solar
chromosphere with strong magnetic fields are affected by
two-fluid effects when λ . 1 km. The presence of non-
propagating intervals heavily constrains the propagation
of magnetoacoustic waves of short wavelengths. In ad-
dition, damping due to ion-neutral collisions is very effi-
cient in the vicinity of the nonpropagating regions, which
points out that significant wave energy dissipation may
take place at those heights in the chromosphere. The fast
wave is the propagating solution that may contribute the
most to heat the plasma. For λ & 1 km, however, two-
fluid effects are of less relevance because ions and neutrals
behave as a single fluid. Then, wave damping is appro-
priately described by the single-fluid approximation (e.g.,
Khodachenko et al. 2004). In quiet Sun regions, we need
to consider much shorter wavelengths for two-fluid effects
to be relevant.
At present, we lack of appropriate observations to com-
pare with the theoretical predictions discussed above.
Unfortunately, current instruments do not have enough
spatial and temporal resolutions to observe the range
of wavelengths where two-fluid effects would be impor-
tant. It is possible that new and future instruments as,
e.g., the Atacama Large Millimeter/submillimeter Array
(ALMA), may reach sufficiently high resolutions to ob-
serve wavelengths of 1 km and shorter. Angular resolu-
tion of 0.01 arcseconds or smaller is needed to observe
wavelengths on the order of kilometres in the chromo-
sphere. The ALMA telescope may reach the required
resolution.
6. CONCLUDING REMARKS
In this paper we continued the work started in
Soler et al. (2013a) about the effect of ion-neutral col-
lisions on MHD wave propagation in a two-fluid plasma.
In the previous paper, we focused on incompressible
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Alfve´n waves. Here, we investigated compressible magne-
toacoustic waves. The present work is also related to re-
cent investigation of wave propagation in a partially ion-
ized magnetic flux tube (Soler et al. 2013b). The study
presented in this paper reveals that ion-neutral coupling
strongly affects the well-known behavior and properties
of classic magnetoacoustic waves. There is a large num-
ber of possible scenarios for wave propagation depending
on the plasma physical properties. As pointed out by
Mouschovias et al. (2011), the various waves supported
by a partially ionized plasma display complex interac-
tions and couplings that are not present in the fully ion-
ized case. Among these complex interactions, the pres-
ence of cutoffs and forbidden intervals has an strong im-
pact on waves since the allowed wavelengths of the prop-
agating modes get constrained.
After performing a general study, we considered the
particular case of the solar chromosphere and showed
that magnetoacoustic waves with λ . 1 km are af-
fected by two-fluid effects in regions with intense mag-
netic fields, while much shorter wavelengths have to be
considered for these effects to be relevant in quiet Sun
conditions. In addition, we discussed the possible role of
these waves in heating the chromospheric plasma due to
dissipation by ion-neutral collisions. Here, we must re-
fer to the comment by Khodachenko et al. (2004) about
that the correct description of MHD wave damping in the
solar atmosphere requires the consideration of all energy
dissipation mechanisms. We have focused on the effect
of ion-neutral collisions alone and have not taken into ac-
count the roles of, e.g., thermal conduction, viscosity, re-
sistivity, etc., that may have an important impact on the
dissipation of wave energy. The consideration of these
mechanisms using the two-fluid description of a partially
ionized plasma is an interesting task to be done in future
works.
Finally, a natural extension of the investigation done
in Soler et al. (2013a,b) and in the present paper is to
abandon the normal mode approach and to study the
behavior of impulsively excited disturbances. This re-
quires the solution of the initial-value problem by means
of time-dependent numerical simulations. The combina-
tion of results from both the initial-value problem and the
normal mode analysis would give us a complete picture
of wave excitation and propagation in a partially ionized
plasma. The investigation of the initial-value problem
will be tackled in future studies.
We acknowledge the support from MINECO and
FEDER Funds through grant AYA2011-22846 and from
CAIB through the ‘grups competitius’ scheme and
FEDER Funds.
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Figure 1. Real (left) and imaginary (right) parts of the frequency of the various waves versus the averaged collision frequency (in
logarithmic scale) for propagation perpendicular to the magnetic field, i.e., θ = pi/2, with βi = 0.04. Panels (a)–(b) are for χ = 0.2, panels
(c)–(b) for χ = 2, and panels (c)–(b) for χ = 20. All frequencies are expressed in units of kci. Note that the absolute value of ωI is plotted.
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Figure 2. Same as Figure 1 but for βi = 25.
14
Figure 3. Number and nature of the propagating solutions of the dispersion relation in the χ–ν¯/kci plane for θ = pi/2 and βi = 10
−3,
0.04, and 25. Each line denotes the boundary between the various regions for a given value of βi. The shaded area denotes a region in the
case βi = 10
−3 where propagation is forbidden. This forbidden region is also distinguished as a tiny feature in the line for βi = 0.04.
Table 1
Behavior of the modified fast and slow waves and their approximate frequencies in the highly collisional
limit depending on the ordering of the characteristic velocities.
Case Ordering of Velocities Modified Fast Wave Modified Slow Wave
1 c2
A
≫ c2
i
≫ χc2n ion-electron IMW, ω
2
≈ k2c2
A
ion-electron GAW, ω2 ≈ k2c2
i
cos2 θ
2 c2
A
≫ c2
i
∼ χc2n effective IMW, ω
2
≈ k2
c
2
A
1+χ
effective GAW, ω2 ≈ k2
c
2
i
+χc2
n
1+χ
cos2 θ
3 c2
A
≫ χc2n ≫ c
2
i
neutral IMW, ω2 ≈ k2
c
2
A
χ
neutral GAW, ω2 ≈ k2c2n cos
2 θ
4 χc2n ≫ c
2
A
≫ c2
i
neutral IAW, ω2 ≈ k2c2n neutral GMW, ω
2
≈ k2
c
2
A
χ
cos2 θ
5 c2
i
≫ c2
A
≫ χc2n ion-electron IAW, ω
2
≈ k2c2
i
ion-electron GMW, ω2 ≈ k2c2
A
cos2 θ
6 c2
i
≫ χc2n ≫ c
2
A
ion-electron IAW, ω2 ≈ k2c2
i
ion-electron GMW, ω2 ≈ k2c2
A
cos2 θ
7 c2
i
∼ χc2n ≫ c
2
A
effective IAW, ω2 ≈ k2
c
2
i
+χc2
n
1+χ
effective GMW, ω2 ≈ k2
c
2
A
1+χ
cos2 θ
8 χc2n ≫ c
2
i
≫ c2
A
neutral IAW, ω2 ≈ k2c2n neutral GMW, ω
2
≈ k2
c
2
A
χ
cos2 θ
Note. — IMW, IAW, GMW, and GAW denote isotropic magnetic wave, isotropic acoustic wave, guided
magnetic wave, and guided acoustic wave, respectively.
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Figure 4. Same as Figure 1 but for propagation parallel to the magnetic field, i.e, θ = 0. We use βi = 0.04.
16
Figure 5. Same as Figure 4 but for βi = 25.
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Figure 6. Number and nature of the propagating solutions of the dispersion relation in the χ–ν¯/kci plane for θ = 0 and (a) βi = 0.04
and (b) βi = 25. The red lines correspond to the interval given in Equation (53).
18
Figure 7. Reproduction of Figure 3 of Zaqarashvili et al. (2011) with the results of the present work. (a) Real and (b) imaginary parts
of w as functions of a. The line colors have the same meaning as in Figure 3 of Zaqarashvili et al. (2011). The vertical dotted line denote
the location of the neutral acoustic wave cutoff. Purely imaginary solutions are omitted in these plots.
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Figure 8. Same as Figure 1 but for oblique propagation with θ = pi/4. We use βi = 0.04.
20
Figure 9. Same as Figure 8 but for βi = 25.
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Figure 10. Number and nature of the propagating solutions of the dispersion relation in the χ–ν¯/kci plane for θ = pi/4 and (a) βi = 0.04
and (b) βi = 25. The red and blue lines correspond to the nonpropagating intervals for slow and fast waves.
22
Figure 11. Variation of (a) χ, (b) βi, and (c) ν¯ with height in the solar chromosphere model used in Section 5.
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Figure 12. Number and nature of the propagating waves with a given wavelength, λ, as function of height in the solar chromosphere for
the active region case (left) and the quiet Sun case (right) with θ = 0 (top), θ = pi/4 (middle), and θ = pi/2 (bottom). The vertical dashed
line denotes the height at which hydrogen becomes fully ionized.
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Figure 13. Active region case. Damping rate, δ = −ωI/ωR, of (a) fast waves and (b) slow waves as function of height in the solar
chromosphere for λ = 10 km. The various lines are for θ = 0 (solid), pi/4 (dotted), and pi/2.1 (dashed). Panels (c) and (d) are the same as
panels (a) and (b) but for λ = 1 km.
Figure 14. Same as Figure 13 but for the quiet Sun case with λ = 1 km.
